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Max. weight bipartite matching

Input:
bipartite graph G = (UUV, E)
weights w : E — R

Output:
matching M C E maximizing

w(M) =3 w(e)
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Max. weight bipartite matching

Input:
bipartite graph G = (UUV, E)
weights w : E — R

total weight = 35

w(M) =3 w(e)

. eeM
Approximate output:

matching M C E's.t. w(M) > (1 —€)OPT



Fast approximations: bipartite matching

exact approximate
cardinalit O(m\/ﬁ) Hopcroft and Karp [1973]
y O(m10/7) Madry [2013] O(m/e)
We'ghted CO)Emn + n2 log n) Fredman and Tarjan [1987] O(m 10g(1/€)/€)

m+/nlog W)

Duan and Su [2012] Duan and Pettie [2014]

(m = edges, n = vertices, W = max weight)



Fast approximations: bipartite matching

exact approximate
cardinalit O(m\/ﬁ) Hopcroft and Karp [1073]
y O(m10/7) Madry [2013] O(m/e)
We'ghted (O)gmn + TL2 log n) Fredman and Tarjan [1987] O(/er 10g(1/f)/€)

m\/ﬁlog W) Duan and Su [2012]

Duan and Pettie [2014]

(m = edges, n = vertices, W = max weight)

(!) For fixed ¢, weighted approximation is faster than
unweighted exact



Duan and Pettie [2014]

(extends to general matching)

1. Primal-dual

- Only approximates dual optimal conditions
2. Scaling reduces weighted problem to unweighted
3. Runs an approximate subroutine at each scale

4. Updates dual variables with small loss from
approximation



Matroids

M= (N,T)

N ground set of elements

7 C 2V: independent (feasible) sets



~_—Matroids
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3 - Empty set is independent

km‘({:n =1
- Subsets of independent sets
L are independent
SN T - Maximal independent sets
0 0 ol have same cardinality
********* e max independent set is a base

max cardinality is the rank

-If A,B € 7 and |A| < |B],
. thenthereisb e B\ Asit.
A+bel




Matroid Intersection

(same ground set)

/ N

= (N, 1) = (N, 1)

Y

MlﬂMQ NzlﬂIQ

e.g. bipartite matchings, arborescences



Matroid intersection problems

Maximum cardinality matroid intersection
Input: matroids My = (N, Zy), My = (N, 1)
Output: S € Z; N Ty, maximizing |S|
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Matroid intersection problems

Maximum cardinality matroid intersection
Input: matroids My = (N, 7;), My = (N, 1y)
Output: S € Z; N Ty, maximizing |S|

Maximum weight matroid intersection

Input: matroids My = (N, Z;), My = (N, 1),
weights w : N/ — Ry

Output: S € Iy N Zy maximizing w(S) o Y eeg W(s)

Oracle Model
Independence queries of the form “Is S € 77"



Running times for matroid intersection



Running times for matroid intersection

Cardinality
O(nk“’@) Cunningham [1986]
(n = |N|, k = rank(M; N M,), Q = cost of indep. query)



Running times for matroid intersection

Cardinality
O(nk'Q) Cunningham [1986]
(n = [N, k = rank(M; N My), Q = cost of indep. query)

Weighted (W = max{w(e) : e € N'})
O(nk?*Q) Frank [1981], Brezovec et al. [1986], Schrijver [2003]
O(n*vVklog(EW)Q) Fujishige and Zhang [1995]
O(nkl>WQ) Huang et al. [2014]
O((n*log(n)Q + n® polylog(n)) log(nW))

Lee et al. [2015]



Approximate matroid intersection
Input: M, = (N, Zy), My = (N, L),
w:N =Ry, >0
Output: S€Z1NTy st w(S) > (1 —€)OPT
(OPT = max{w(T) : T € T, N I,})

Previous bound:
O(TLkl'5 log(k:)Q/e) Huang et al. [2014]



Approximate matroid intersection
Input: M, = (N, Zy), My = (N, L),
w:N =Ry, >0
Output: S€Z1NTy st w(S) > (1 —€)OPT
(OPT = max{w(T) : T € T, N I,})

Previous bound:
O(TL]{?L5 log(k:)Q/e) Huang et al. [2014]

Main result: (1 — €)-approximation in time

O(nkQlog*(e)/€*)




Fast approximations: matroid intersection

exact approximate
cardinality O(nk5Q) Cunningham [1986] O(nkQ/e)
(nk2Q) Frank [1981] and others
O(mVE log(kIW)Q)
We|ghted Fujishige and Zhang [1995] O(nkQ logz(l/e)/EQ)

O(nkSWQ)

Huang et al. [2014]

O((n? log(n)Q + n® polylog(n)) log(nWV))

Lee et al. [2015]

(n = elements, k = rank, Q = indep. query, W = max weight)



Fast approximations: matroid intersection

exact approximate
cardinality O(nk'*Q) Cunningham [1986] O(nkQ/e)
(nk2Q) Frank [1981] and others
O(n*Vklog(kW)Q)
| g e | 0K/

O((n? log(n)Q + n® polylog(n)) log(nWV))

Lee et al. [2015]

(n = elements, k = rank, Q = indep. query, W = max weight)

(1) For fixed ¢, weighted approximation is faster than
unweighted exact
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Some terminology

Matroid M = (N,Z), S €1
-Span: e€span(S) = S+e¢ T

- Free: e € free(S) = S+e€cZ



Exchanges and exchange graphs
matroid Ml = (N,Il) and MQ = (N,IQ), S e Il 01-2

S+hHhel

D)



Exchanges and exchange graphs
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Exchanges and exchange graphs

matroid Ml = (N,Il) and MQ = (N,IQ), S e Il mIg
S—d1+€1611
S—di+ L el
S+f1€Il\ '///"@

_—



Exchanges and exchange graphs

matroid Ml = (N,Il) and MQ = (N,IQ), S e Il mIg
S—d1+€1€Il

S—di+ fr el S—dy+e €L
1+ f 2\‘ 4\ 1 2

S+f1€Il\ ///

L



Exchanges and exchange graphs

matroid Ml = (N,Il) and MQ = (N,IQ), S e Il mIg
S—di+e €y S—dy+es €Ty

S—d+ el \9—d4+el €T,
S+f1611\ ////"@\\ /,v
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Exchanges and exchange graphs

matroid Ml = (N, Il) and MQ = (N,IQ), S e Il mIg

S—di+e €y S—dy+es €Ty
S—d1+f161-2 \;9:%44—6161'2 Sd§+€4612
S+f1€z-1\ /'////‘ ‘\\\\\A ////V \\‘
N
D,



Exchanges and exchange graphs

matroid Ml = (N, Il) and MQ = (N,IQ), S e Il mIg

S—d1+€1€I1 S—d4+e465_'[1d .
S—di+ fiel S—di+e €T —dg+es €1y
S+feT hen \Sodiraeh| ST NCR Giper
1 \1\//'// \\\\A///// s\\\/
@'/ R



Exchanges and exchange graphs

matroid M; = (N, Z;) and My = (N, L,), S€ i NI,

S—di+e €y S—d4+646511d 7
S—d e T S—d o1 € T —dg +e4 €Ly
S+ f elerfl ’ \»@4\“1 ’ Jer ¥ S—ds+ f3€T,
' \1\/1/ A S / 'S/Jr f3 €1,
G )



Exchanges and exchange graphs

matroid M; = (N, Z;) and My = (N, L,), S€ i NI,
S—di+e €y S — d4+64611d 7
S —d e T S —d el 0+ﬂ€ 2
1+ f 2\\\ 4+ﬁ 2 %+JS€L
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exchanges



Exchanges and exchange graphs

matroid Ml = (N, Il) and MQ = (N,IQ), S e Il 01-2

S—di+e €y S—dy+es €Ty
S—d1+f161-2\§:.%1+61612 S—ds+es €Ly

v S—ds+f3€T
S+ h 611\ Jar L ' TN, / 6S+3f3 6112
\@/ @ R

“augmenting path” if S+ fi —dy+e; —dy+es—dg+ fs € 1N



Exchanges and exchange graphs
matroid M1 = (N,Il) and MQ = (N,IQ), S e Il ml-g

'@,;/ =L ‘x;‘@ ‘
(X freey(S) Sy~ Pl [l freey(S) O
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SeiNI :

exchange graph



Exchanges and exchange graphs
matroid M1 = (N,Il) and MQ = (N,IQ), S e Il ml-g

®
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Bad news:
Good news:



Exchanges and exchange graphs
matroid Ml = (N,Il) and MQ = (N,IQ), S e Zl ml-g
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Bad news: not all paths are augmenting
Good news:



Exchanges and exchange graphs
matroid Ml = (N,Zl) and MQ = (N,IQ), S e Zl ﬂIQ

//V@::\ \\\ ’i/_/:,/"’//’// //// /::@\\\
O fea(s) N T @ fea(s) 30

~, N > e Ve N -
® . S , i}
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SeiNI

Bad news: not all paths are augmenting
Good news: shortest paths are augmenting



Exchanges and exchange graphs
matroid Ml = (N,Il) and MQ = (N,IQ), S e Zl ml-g

shortcut

B ) /,v:\ \\\\; ////,,/( \@
/@ IS /‘@ -
O freel(\S)\@//(}\\\ /"\ (X freep(S)
SeiNI :

Bad news: not all paths are augmenting
Good news: shortest paths are augmenting



Exchanges and exchange graphs
matroid Ml = (N,Il) and MQ = (N,IQ), S e Zl ml-g

Od freel(M N ’ IO freey(S) v
@ \@/,‘:;\\@/ o
‘ i Oy _\\/,, ‘
SeiNI .

Bad news: not all paths are augmenting
Good news: shortest paths are augmenting



Unweighted matroid intersection

Naive alg.: augmenting paths O(nkQQ)

O(nkQ) per exchange graph x k iterations

/@ -
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Unweighted matroid intersection

Naive alg.: augmenting paths O(nk*Q)
O(nkQ) per exchange graph x k iterations

/ﬁ:? @ @:: froeg(@@
\@\/'./:. &
SeiNI

Cunningham [1986]: ” O(nk*Q)

Augment along several paths in each iteration



Cunningham's algorithm

Similar to Hopcroft-Karp for bipartite matching



Cunningham's algorithm

Similar to Hopcroft-Karp for bipartite matching

1. Increase length of short. aug. path in each iteration

subroutine: batch-augment (S, M;, Ms)

input: S € Z; NZ, with length of short. aug. path = ¢
output: S’ € Z; N Z, with length of short. aug. path > ¢ + 2
running time: O(nkQ)



Cunningham's algorithm

Similar to Hopcroft-Karp for bipartite matching

1. Increase length of short. aug. path in each iteration

subroutine: batch-augment (S, M;, Ms)

input: S € Z; NZ, with length of short. aug. path = ¢
output: S’ € Z; N Z, with length of short. aug. path > ¢ + 2
running time: O(nkQ)

2. Most augmenting paths are short
= O(Vk) iterations



Cunningham(M; = (N, Zy) , My = (N, 1))
S+ 0
repeat until S is fixed
S < batch-augment (S, M, Ms) // O(nkQ)
// After Vk iterationms, S| > k— vk
// O(Vk) iterations total

return S



Cunningham(M; = (N, Zy) , My = (N, 1))
S0
repeat until S is fixed
S < batch-augment (S, M, Ms) // O(nkQ)
// After Vk iterationms, S| >k — VE
// O(Vk) iterations total

return S

Cunningham-APX (M7, Ms)
S0
repeat O(1/¢) times
S < batch-augment (S, M;, M) // O(nkQ)
/S| > (1 —ek (1)
return S // O(nkQ/e)



Fast approximations: matroid intersection

exact approximate
cardinality O(nk'*Q) Cunningham [1986] O(nkQ/e)
(nk?*Q) Frank [1981] and others
O(n*Vklog(kW)Q)
et | o i) L | O 119/

O((n?log(n)Q + n? polylog(n)) log(nW))

Lee et al. [2015]

(n = elements, k = rank, Q = indep. query, W = max weight)



Fast approximations: matroid intersection

exact approximate
Card|na||ty O(nk15Q> Cunningham [1986] O(nkQ/E)
(77/k2Q> Frank [1981] and others
O(n*Vklog(kW)Q)
We|ghted Fujishige and Zhang [1995] O(nkQ log2<1/€)/€2)

O(nk*SWQ)

Huang et al. [2014]

O((n?log(n)Q + n? polylog(n)) log(nW))

Lee et al. [2015]

(n = elements, k = rank, Q = indep. query, W = max weight)



Frank [1981]

Input: matroids My = (N, Z;) and My = (N, L),
weights w : N —= R

Output: S € Z; N Z, maximizing w(S)

Running time: O(nk*Q)



1. Weight Splittings Frank [1981]

wy, wy : N — Rsg s.t. w = wy + woy

Fact: For S € I, NI, if
(a) wi(S) = maxz, wi(T), and
(b) wy(S) = maxz, wy(T)
then w(S) = max{w(T) : T € Iy N1y}



2. Weight-induced matroid Frank [2008]

MY = (N, 1Y)

B C N is a base in MY
<~
B is a max. weight base in M w/r/t w

Reduces weighted matroid problems to unweighted
problems



2. Weight-induced matroid Frank [2008]

MY = (N, 1Y)

B C N is a base in MY
<~
B is a max. weight base in M w/r/t w

Reduces weighted matroid problems to unweighted
problems

Frank's algorithm maintains weight splitting
wy +we =w and S € I, N Zy*.



Frank (M, Ms,w : N — Rxq)
S+ 0, w +w, wy+0
// wo(f) =0 for all f € freey(S)

for all f € free (S)
for all f € freey(S)

=0
=0

return S



Frank (M, Ms,w : N — Rxq)
S+ 0, w < w, wy<+0
// wo(f) =0 for all f € freey(S)
let ¢ denote max{w;(f): f € free;(95)}
while ¢ >0
// freei(f) < c¢ for all f € free;(S)

end while
// wi(f) =0 for all f € free,(S)
// wo(f) =0 for all f € freey(S)
return S



Frank(M;, Mz, w : N = Rx)

S0, w < w, wy <0

// wo(f) =0 for all f € freey(S)

let ¢ denote max{w;(f): f € free;(5)}

while ¢ >0
// freei(f) < c¢ for all f € free;(S)
N.={e:w(e) > c}
augment S in (M7' N M35?)[r, until optimal
shift weight from w; to w;

end while
// wi(f) =0 for all f € free,(S)
// wy(f) =0 for all f € freey(S)

return S

O(nk*Q)



HKK (M, Mo, w : N — Rx)

S0, w w, w0

// wo(f) =0 for all f € freey(S)

let ¢ denote max{w;(f): f € free;(9)}

for c=WW—-1,...,3,2,1
// freei(f) < c¢ for all f € free;(S)
N, ={e:w(e) >c}
run Cunningham on S in (MJ" N ME?)|n.
shift one unit of weight from w; to wy

end for

// wi(f) =0 for all f € free;(S)
// wo(f) =0 for all f € freey(S)
return S

O(nk*>WQ)



approximate:

approximate
scaling

cardinality

approximate
solution



HKK (M, Mo, w : N — Rx)

S0, w w, w0

// wo(f) =0 for all f € freey(S)

let ¢ denote max{w;(f): f € free;(9)}

for c=WW—-1,...,3,2,1
// freei(f) < c¢ for all f € free;(S)
N, ={e:w(e) >c}
run Cunningham on S in (MJ" N ME?)|n.
shift one unit of weight from w; to wy

end for

// wi(f) =0 for all f € free;(S)
// wo(f) =0 for all f € freey(S)
return S

O(nk*>WQ)



Frank-APX(My, My, w : N' = Rxg,e > 0)
S0, w w, w0
// wo(f) =0 for all f € freey(S)
let ¢ denote max{w;(f): f € free;(9)}
for c =W, W/2,... 4¢,2¢, ¢
// freei(f) < c¢ for all f € free;(S)
N, ={e:w(e) >c}
repeat 1/e times:
run Cunningham-APX on S in (M" N M5?)|n.
shift ec units of weight from w; to wy
end for
// wi(f) =0 for all f € free;(S)
// wy(f) =0 for all f € freey(S)
return S

O(nkQlog*(1/e)/€?)



approximate:

approximate
scaling

cardinality

approximate
solution



thank you

‘approximate: irapproximate:
- cardinality | | scaling

approximate
solution
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