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s.t. Ax <cand x >0



Input:

Objective:

Packing LP

max (v, x) over x € R"
st. Az < candx >0



Packing LP

=== 0 D == = — = — |
Input: v € R’”" AeR™" cc R™ | “nonnegative
—————— -©

Ll

|dimensions

Objective: max (v, x) over T € R | m, nlarge |

O — == k-—==2

s.t. Ar <cand x >0

|———q



Packing LP

("——_-@ ——————

|
Input: v € R’”" Ac RMXN o ¢ RM nonnegatlve :
—————— o
Ll
|dimensions
Objective: max (v, x) over T € R | m, nlarge |
= @ ——— ===

nctdence matrﬁx s.t.. Ax < ¢ aﬂd: x >0 !
A dense oo



Packing LP

Fast relative approximations
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Input: v¢ R’”" A R™X™ ¢ ¢ R™ nonnegatlve |

Error parameter: ¢ > 0 Ll
|dimensions

Objective: max (v, ) over z € R ll-m ”L“VQC_:

incidence matrix | St Az < cand x>0
A dense -

Output: © > 0"s.t. Ax < cand(v,x) > (1 — €)OPT

Run time: O([INPUT SIZE| poly(1/e,log [INPUT]))



Related work (abbrev.)

o MWU / Lagrangian relax. faster than LP solvers
Shahrokhi & Matula 90, Klein et al ‘94, Plotkin et al ‘95

Grigoriadis & Khachiyan 94, Young ‘95, and many others

o Explicit pure packing and pure covering

o O(N + (m +n)log(N)/e?)
Koufogiannakis & Young ‘07

o O(N/e) Allen-Zhu & Orrechia ’15, Wang et al ‘16

» Mixed packing and covering in O(N/€?)
Young ‘14



Tree packings and network strength
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Tree packings and network strength

Input: graph G = (V, E') w/ spanning trees[:"fij
and positive edge capacities ¢ € R”

dbmcwswww'\ |
Objectlve max Z Iy OVEr T C RT. | exponential in |

T&T; . #ofedgesm |

3.1. Z rxr < c. for each edge e
T>e

$>OT©/\OQ
=) \‘/O
O

1




<I>o Related work (abbrev) %

Exact tree packings in O(mn?), O(mn?log C)
Gabow and Manu [ 1995 1998]

(1 + €)-apx tree packings in O(m?/e?)
Garg and Khandekar

Sparsification s (1 + ¢)-apx network strength
in O(m + n3/% /) time Karger [1993]

Network strength ® 2-approx min-cut value
Tutte, Nash-Williams [1961]

(2 + €)-apx min-cut value inO(m/e)  Matula [1993]



Scheduling and unsplittable flow

Input: m points P, n intervals Z,
demands d € RZ, profits v € R, and
capacities ¢ € R” all positive

Objective: max Zv_ra:[ over x € R*
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I>p
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Scheduling and unsplittable flow

Input: m points P, n intervals Z,
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<7
5.t. Z drer < c, for all points p € P
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1 E 1 matrix A has
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._:



Related work (abbrev.)

o equivalent to unsplittable flow on paths

o demand d = 1 = totally unimodular s poly-time

4
O((m + n)?log(m + n)) via min-cost flow

Arkin and Silverberg [1987]

o Open question by Borodin asks for FPTAS in

-2 nearly-linear time
N

._:



Primary results
For the implicit packing problems

Tree packings and network strength Scheduling and unsplittable flow

Input: m points P, n intervals Z,
demands d € RZ, profits v € RZ, and
/= , . capacities ¢ € R” all positive
-y, dimension |T] |

Objective: max Z z; over x € RT | exponential in | Objective: max Zv;xj over x € R
TaT! . #of edges m / 1€Z

Input: graph G = (V, E) w/ spanning treesiﬁ
and positive edge capacities ¢ € RY

______ s.t. drxy < ¢, for all points p € P
s.t. Z xr < ¢, for each edge € : ; b
TSe | ; and OI << 1I LVWPLLGLt' tnctoence
1z >07 : L ) szat;LxA has
: : : MN) WoWzeroes
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we obtain (1 + €)-relative approximations in time

O((m +mn)/€)
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Basic design

multiplicative dynamic data

weight updates T structures
(MWU)
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Multiplicative weight updates

packing problem MWU knapsack problems

initialize
weights w <+ 1/c

’I_T_lsolve knapsack
b

max (v, x) over x € R"
s.t. Ar <cand z >0

max (v, x)
s.t. (w, Az) < (w, c¢)
and x > 0

é(m/EQ) lterations

Y
update weights w



Multiplicative weight updates

packing problem MWU knapsack problems

[0]initialize
max (v, x) over x € R" E weights w + 1/c
s.t. Ar <cand x > 0 i ’I_T_|solve knapsack
Wk

____________________________ max (v, x)
stmple greedy solution s.t. (w, Azx) < (w, c)
. Vj and x > 0
i <— arg max =
%En <w7 Aez>

< > :"#' O~(m/€2) lterations
w, C |
€L (w,A@;}ei :update welghts w




Multiplicative weight updates
minimum

tree packings MWU .
: spanning trees
maxZ:I;T over € R\ L
Ter | lnitialize edge
o ZmT <c. e€E weights w <+ 1/c
TSe :’I_T_|Solve knapsack
______ ?__Z_P________________i ! max Z LT
, , TreT
stmple greedy solution
P 9Ty s.t. (w, Az) < (w,c)

/ <w,c> E"#O(m/EQ) lterations
o > et weeT :update weights w




Multiplicative weight updates

tree packings MWU

minimum

max Z T OVer r € RT
TeT

s.t.ZxT <c ecklL
T>e

T < MST(w)

- spanning trees

initialize edge
weights w <+ 1/c

I_’_]-?|E| T < MST(w)

&

[b] x < (w, ¢)

€T
ZeET we

_#é(m/GQ) 1terations

increase welght
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Multiplicative weight updates
minimum
spanning trees

T |
max T over x € R
2o I? initialize edge

tree packings MWU

TeT

gt Z$T§Ce ec kb E weights w <+ 1/c
- Toe El_,_1_|E| T + MST(w)
2V k
T < MST(w) B] < (w, c) o
f ZQET we
update 7' dynamically r_¥_.O(TT7J/€2) iterations

increase welght
we for eache €l

in O(1) per edge update

[Holm et al 1998]



Multiplicative weight updates
minimum

tree packings MWU spanning trees
max Z rr over x € R
P | initialize edge
S.t Z$T§Ce ec F E weights w - lje
T3 E’I_T_“E T < MST(w)
x>0 | A (dawamicaugj)
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Multiplicative weight updates
minimum

tree packings MWU spanning trees
max Z rr over x € RT
P initialize edge
S.t Z$T§Ce ec F weights w1/
T3 I_’_l_| 2] T« MST(w)
>0 A (dawamlcaugj)

O

[b] x < (w, ¢)

cT
ZeET We

.#. é(m/GQ) iterations

increase welght
we for eachec’

(m/ 62) iterations

welghts to update
per 1teration

X

O(mn/€?) time spent
updating weights

(too slow!)



Multiplicative weight updates

tree packings MWU

max Z T Oover T € RT
TeT

D tr<c €€EE 5
TSe |

naive: O(mn/e*) updates
suffices to (1 + €) -rel.

approximate weights : |

lazy amort. updates

= O(m/e?) total updates
[Young 2014]
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minimum
spanning trees

initialize edge
weights w <+ 1/c

2] T « MST(w)
(d@wamwaug)

[b] x <
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T
ZGET We
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Multiplicative weight updates
minimum

tree packings MWU spanning trees
max Z rr over x € R
P | initialize edge
S.t Z$T§Ce ec F E weights w - lje
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Multiplicative weight updates
minimum

tree packings il spanning trees
max Z T Oover T € RTu
TeT | initialize edge
SthTéce eEEE weights w <+ 1/c
" Toe ;D@ T + MST(w)
______ ?_?_9________________: (dynamdically)
total running time 5] o < (w, c) .
~ N T
O(1) per weight update 2eer We

# é(m/eQ) 1terations

increase welght
we for eache€
(LaziLg)

x O(m/€e®) total updates

O(m/€?) running time



Packing LP

Fast relative approximations

e - (B == - ———
Input: v € R"/Ae R™*™ ¢ € R™nonnegative .

Error parameter: ¢ > 0 Ll
& — — —0 dimensions

Objective: max (v, z) overle € R?. | M. nlarge |
9 i L —_ 4

‘ncidence matrix ¢ St Axr < cand x > 0
A dense

Output: © > 0"s.t. Ax < cand(v,x) > (1 — €)OPT

Run time: O([INPUT SIZE| poly(1/e,log [INPUT]))



Tree packings and network strength

Input: graph G = (V, E') w/ spanning trees[:"fij
and positive edge capacities ¢ € R”

dbmcwswww'\ |
Objectlve max Z Iy OVEr T C RT. | exponential in |

T&T; . #ofedgesm |

3.1. Z rxr < c. for each edge e
T>e

$>OT©/\OQ
=) \‘/O
O

1




Scheduling and unsplittable flow

Input: m points P, n intervals Z,
demands d € RZ, profits v € R, and
capacities ¢ € R” all positive

Objective: max Zv_ra:[ over x € R*

<7
5.t. Z drer < c, for all points p € P
19p ’ ’ s ’
X and ()I <zx< 1< LVWPLLGLt, Lnctdence
1 E 1 matrix A has
— Q(mn) nonzeroes

._:



Basic design

multiplicative dynamic data

weight updates T structures
(MWU)

+ approximate all the things!

‘ C

ﬂ

9,




Primary results
For the implicit packing problems
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